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Preface

The 11th International Symposium on Continuum Models and Discrete Sys-
tems CMDS 11 took place in Ecole des Mines de Paris (July 30th August 3rd

2007). Previous CMDS Symposia were organised in Kielce (Poland, 1975),
Mont Gabriel (Canada, 1977), Freudenstadt (Federal Republic of Germany,
1979), Stockholm (Sweden, 1981), Nottingham (United Kingdom, 1985), Dijon
(France, 1989), Paderborn (Germany, 1992), Varna (Bulgaria, 1995), Istanbul
(Turkey,1998) and Shoresh (Israel, 2003). The broad interdisciplinary char-
acter, the limited number of participants (not exceeding 100) and the unoffi-
cial and friendly atmosphere, made these meetings well-acknowledged places of
highly fruitful contacts and exchange of ideas, methods and results.

The spirit of CMDS meetings is to stimulate an extensive and active inter-
disciplinary research. Attendance of speakers was made possible thanks to
invitations by the International Scientific Committee, composed as follows:

David Bergman (Chairman CMDS 10), Tel Aviv University, Israel
Leonid Berlyand, Pennsylvania State University, USA
Elisabeth Bouchaud, CEA, Saclay, France
B. K. Chakrabarty, Saha institute of Nuclear Physics, Calcutta, India
Samuel Forest, Ecole des Mines de Paris, France
Hans Jürgen Herrmann, Stuttgart University, Germany
Esin Inan (Chairwoman CMDS 9), Istanbul Technical University, Turkey
Dominique Jeulin (Chairman CMDS 11), Ecole des Mines de Paris, France
Mark Kachanov, Tufts University, USA
David Kinderlehrer, Carnegie Mellon University, USA
Valery Levin, IMP, Mexico, Mexico
Gérard Maugin, Paris 6 University, France
Leon Mishnaevsky, Riso National Laboratory, Denmark
Graeme Milton, Utah University, USA
N. Movchan, University of Liverpool, UK
Martin Ostoja-Starzewski, University of Illinois at Urbana-Champaign, U.S.A.
Amy Novick-Cohen, Technion, Israel

The scientific program consisted of General Lectures (GL) and Research Com-
munications. The ten General Lectures (45 min + 5min) introduced the most
recent ideas and advances in the covered fields. The 53 Research Communica-
tions reported on important new results and methods in these fields, and were
presented either in oral (20 min + 5min) or in a poster form.

The CMDS 11 Symposium was able to gather 66 scientists from 14 countries ac-
tive in various areas (physics, mechanics, materials sciences, applied mathemat-
ics, engineering sciences), working on properties and applications of physical
systems, where the interaction between a discrete and a continuous descrip-
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tion plays a major role. These Proceedings collect the content of most lectures
given at CMDS 11, and covering the following topics: statistical mechanics,
mechanics of complex fluids, of solid microstructures and of granular media,
fracture at different scales, modelling of living structures, of composite media
and of metamaterials, leading to new optical or acoustical properties. The ed-
itors are grateful to participants who accepted to make a written contribution
after the Conference. When not available, the text of lectures is replaced by
the Abstract. The next Symposium, CMDS 12, is planned to take place in
India during winter 2010-2011.

Acknowlegments

The Symposium was successful thanks to the efficient work of the Local Or-
ganising Committee (Ecole des Mines de Paris, France): Dominique Jeulin
(Chairman CMDS 11), Samuel Forest, Danièle Gozlan and Catherine Moysan.
We are grateful to “Centre de Morphologie Mathḿatique”, and to “Fondation
des Industries Minérales, Minières et Métallurgiques Françaises à l’Ecole des
Mines de Paris” (FIMMM) for their help to organise CMDS 11. It would have
been extremely difficult to have CMDS 11 in Paris without the hospitality of
Ecole des Mines de Paris.
We acknowledge the Commissariat à l’Energie Atomique (CEA) for his financial
support.
Finally, we are indebted to Silvia Dekorsy and to “Presses de l’Ecole des Mines
de Paris” for accepting to publish these Proceedings.

Dominique Jeulin
Chairman of CMDS 11
Fontainebleau, March 4th 2008
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DUALITY IN ONE DIMENSIONAL TRANSPORT: BOUNDARY LAYER
APPROACH

Somendra M. Bhattacharjee1

1 Institute of Physics, Bhubaneswar-751005, India
somen@iopb.res.in

ABSTRACT: We discuss the duality between the bulk phase transition and a bound-
ary transition in nonequilibrium asymmetric exclusion process. By using a continuum
description, it is shown that the bulk phase transitions can be understood as a decon-
finement of a boundary layer, to be called the shockening transition. The duality gives
the nature of the phase diagram and the exponents, especially near critical points for
shock formation. This is also applied in an interacting model to study the nature of a
nonequilibrium tricritical point.

Keywords: Nonequilibrium phase transitions, duality, tricriticality

1 INTRODUCTION

Our purpose in this paper is to show that boundary layers can be used to understand
both qualitatively and quantitatively the bulk phase transitions in steady states of a
class of nonequilibrium systems. The systems we have in mind are the well-studied
asymmetric exclusion process (ASEP) with interacting particles.
The problem with nonequilibrium system is the absence of any Gibbs-Boltzmann type
distribution, quite often because of absence of any hamiltonian. An associated prob-
lem is the definition of conjugate variables. because such pairs in equilibrium (analogs
of pressure - volume type pairs) are defined via derivatives of the free energy. Nonethe-
less, the steady states are close cousins of the equilibrium states. The nature of the
steady states can be changed by tuning the parameters of the system and this leads
to the possibility of nonequilibrium phase transitions. The resulting phases can be
represented in a phase diagram in the relevant parameter space. An important feature
is that the bulk phase transitions are boundary driven - a phenomenon not found in
equilibrium in general.
Bulk phase transitions involve large length scales and only certain gross features of
the models are expected to matter at these length scales. Consequently a continuum
or hydrodynamic description is useful. By this process, one achieves a separation of
length scales, that can be exploited to identify the boundary driven phenomena. Since
nonequilibrium problems are characterized by the existence of nonvanishing currents
in the system, the nature of currents hold vital information about the system.

2 MODEL

In asymmetric exclusion process, particles are injected ati = 0 of a lattice at a rateα
per unit time and withdrawn ati = N at a rate1−γ per unit time. The lattice spacinga
is much smaller than the total lengthNa(a� Na). The particles hop unidirectionally
to the right only if the next site is unoccupied or empty. This is the hard core repulsion
(exclusion) of the particles. The injection and the withdrawal of the particles act as
the drive that forces a current from left to right. This hopping process conserves the
particle number along the track. In addition to the hopping, one may allow particle
exchange with the surrounding. A particle can be absorbed at a site at a rateωa if it
is vacant while an occupied site may lose a particle (desorption) at a rateωd. These
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processes do not conserve particle number on the track. In absence of hopping, the
evaporation/deposition process would like to maintain an average density at each site
without any current along the track. This is therefore an equilibrium like situation
(Langmuir kinetics) that tries to maintain a homogeneous densityωa/(ωa + ωd). The
competition of the conserved and nonconserved processes leads to inhomogeneity in
the density profile and occasionally discontinuities in the density ("shocks").

Figure 1: The model:

The possible steady states are shown in the phase diagram of the two external param-
etersα andγ in Fig. 2. In the lowα region, the bulk density profile is determined by
the injection rate and is to be called theα-phase (also called the low density phase)
while for largeα, the bulk density is controlled by the withdrawal rate. This phase is
to be called theγ-phase. Inbetween there is a phase where the injection rate and the
withdrawal rates control their own territories, meeting at a point with a discontinuity
(or a "shock"). This phase is the shock phase.
The phase diagram for the conserved case shows three phases, theα-, theγ- and a
maximal current phase (a dream of any traffic engineer). Nonconservation not only
kills this maximal current phase but instead introduces a shock phase (traffic jam - a
nightmare).
We adopt an equilibrium like definition that if the density shows a jump in going from
one phase to the other, it is a first order transition, but if it changes continuously then
it is a continuous or critical transition. Theα- to the shock phase transition is first
order because the shock height is finite on the phase boundary. However, the shock
height vanishes at a particular point(αc, γc). If α is changed at a fixedγ = γc, then
on crossing the phase boundary, the shock height increases from zero as one enters
the shock phase. This, by definition, is a critical point which does not occur in the
conserved case. Forγ < γc, the phase boundary is accidentally a continuation of the
critical point. The shock to theγ-phase is also first order without any critical point. In
this paper we concentrate on the phase boundary for theα-phase to the shock phase,
especially in the neighbourhood of the critical point.

(a) (b)

Figure 2: The phase diagrams for the nonconserved (a) and the conserved (b) model.

The density profiles in the three phases of the nonconserved case are shown schemati-
cally in Fig. 3. The point to note in these diagrams is the behaviour near the boundary.
These are the boundary layers on which we would focus in this paper.
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Figure 3: The density profile for the three phases of the nonconserved case.

2.1 Exponents
The critical point has a few characteristic exponents. E.g.,

• The shape of the phase boundary near the critical point is given by

| γ − γc |∼| α− αc |χ . (1)

• The shock heighth goes to zero along the phase boundary as

h ∼ sβ , (2)

wheres measures the deviation from the critical point along the phase boundary.
For the type of phase boundary shown in Fig. 2a,s can be taken as∆γ ≡ γ−γc.

• In the shock phase the location of the shock is in the bulk of the system. As one
approaches the phase boundary within the shock phase, the locationxs of the
shock should approach the boundaryx = 1, as

1− xs ∼| α− αc |ζ . (3)

• Within the shock phase if one approaches the critical point alongγ = γc, the
shock height vanishes as

h ∼| α− αc |β . (4)

These exponents are determined by the boundary behaviour and the boundary layer
itself is characterized by two exponents, one describing its intrinsic widthw and the
other one its locationξ from the boundary. The locationξ is a measure of the thickness
of the layer. The widthw diverges at the critical point but the thicknessξ diverges as
the shock is formed from theα-phase or theγ-phase side. The divergence ofξ is
associated with the “shockening” transition to be explained below. The exponents
describing these boundary effects are

ξ ∼| α− αs |−ζ− , for α→ α(γ)−, γ 6= γc (5)
w ∼| α− αc |−ζc , for α→ αc − with γ = γc. (6)

Note that the boundary characteristic exponentζ− is the analog of the bulk exponent
ζ of Eq. (3).
Since the bulk and the boundary transitions are linked, one needs exponents that cou-
ple them. One of these is the relation betweenw andh. On the first phase boundary,

w ∼ h−η, (7)

which connects the divergence ofw at the critical point with the vanishing of the shock
height.
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3 DESCRIPTION

The microscopic variables are the occupation numbersti = 0, 1 of the ith site with0
denoting unoccupied and1 denoting occupied sites. In a coarse grained description
and in the continuum limit, we replace these microscopic variable by the average
occupation number or densityρ(x) wherex = i/N is the position variable in the
range[0, 1]. This continuum limit is valid forNa � a (a being the lattice spacing).
In our approachε = 1/N is a small parameter.
In the steady state the spatially average density is

M =
∫ 1

0

ρ(x)dx (8)

This can be used to define response functions that monitor sensitivity to the external
drives, namely,

χµ =
∂M

∂µ
, µ = α or γ. (9)

For example, for theα-phase,χα ∼ O(1) butχγ = 0. Both are nonzero for the shock
phase. Thusχµ can be used to identify phases.
In the continuum limit, the variation of the density can be written as a modified conti-
nuity equation,

∂ρ(x)
∂t

+
∂J0(x, t)
∂x

= S0(ρ, t), (10)

whereJ0(x, t) is the current through the track andS0 is the nonconserved current.
For the simple uncorrelated Langmuir dynamics we are considering,

S0 = Ω(ρL − ρ), where ρL =
ωa

ωa + ωd
, Ω = N(ωa + ωd). (11)

The nonconserved processes matter if the total fluxΩ is comparable to the current and
soΩ is taken to beO(1) in the limitN →∞. We takeρL 6= 1/2 or ωa 6= ωd.
The current in the mean field approximation is taken to be determined by the local
density so that it can be written as

J0 = −ε ∂ρ
∂x

+ j(ρ(x, t)), (12)

wherej is the bulk current. There is an extra term reminiscent of Fick’s law but
with vanishingly small diffusion constantε = 1/N . This small diffusion constant
plays an important role in determining the phase transitions. The form ofj(ρ) is
known for several cases. In case there is a particle-hole symmetry, the simplest form
is j = ρ(1 − ρ). A double-peaked current density is also known to occur in an
interacting system. With the form of current in Eq. 12, the equation governing the
density is of the form

−ε d
2ρ

dx2
+ S1(ρ)

dρ

dx
+ S0(ρ) = 0,where S1(ρ) =

dj(ρ)
dρ

. (13)

A simple expressino likej(ρ) = ρ(1−ρ) quite often helps to check the general results
and suffices for the simple ASEP model we have defined. More complicated form will
be introduced below.S1(ρ) is zero at the peak of the current, or the density at which
current is maximum.
Eq. 13 entails two length scales, (i)x for the bulk and (ii)x̃ = (x − x0)/ε which
is significant only in a thin region asε → 0 around an appropriately chosenx0. Eq.
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13 does not depend on the choice ofx0. The separation of the two scales is used to
develop a uniform approximation of the solution order by order inε. Here we restrict
ourselves to the lowest order approximant.
The bulk solution in terms ofx comes from the first order equation obtained with
ε = 0 in Eq. 13. This solution, to be called the outer solution,

ρ(x) = ρout(x) (14)

is given implicitly by
g(ρ) = 2Ω x+ C, (15)

whereC is a constant to be fixed by only one of the two boundary conditions.
For the left boundary condition, the outer solution is

g(ρ) = 2Ω x+ g(α), (16)

with a density
ρo ≡ ρout(1) at x = 1, (17)

determined by
g(ρo) = 2Ω + g(α). (18)

In generalρo 6= γ. To satisfy this other boundary conditionρ = γ at x = 1, we use
the second scalẽx = (x− 1)/ε around the boundary pointx = 1. With this variable,
the density (to be called the inner solution) satisfies

−d
2ρin

dx̃2
+ S1(ρin)

dρin

dx̃
= 0, (19)

obtained from Eq. (9) by first changing the variable tox̃ and then takingε → 0. The
absence of theS0 term can be understood from the observation that for a constantΩ
this layer is too thin for the nonconservation to matter, at least to leading order inε.
For a smooth density profile (the solution of the second order equation), we need to
match the outer and the inner solutions by requiring that

lim
x→1

ρout(x) = lim
x̃→−∞

ρin(x̃). (20)

Herex̃→ −∞ gives the outer limit of the inner solution. Incorporating this matching
condition, Eq. 19 can be written as

dρin

dx̃
= j(ρin)− j(ρo), (21)

in the thin boundary layer, withρin(x̃ = 0) = γ. The complete matched solution is
obtained by joining the inner and outer approximations and subtracting their common
value. Therefore, the density profile is given by

ρ(x) = ρout(x)− ρo + ρin(x̃) +O(ε). (22)

Eq. 22 identifies the scale dependent separation of the bulk and the boundary contri-
butions and it provides a uniform approximation of the density in the whole domain
including the boundaries.
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3.1 Shocks from Boundary layers:Shockening transition
A shock is formed if the inner solution fails to satisfy the boundary conditionρ(x =
1) = γ. If the inner solution saturates to a densityρs asx̃ → ∞ then Eq.21 can also
be written as

dρin

dx̃
= −(ρ− ρo)(ρ− ρs)Φ(ρ) (23)

where one zero of the function atρo corresponds to the matching condition and the
other one for the saturation. The inner solution is of the form

ρin(x̃) = I(x̃/w + ξ) with I(z) → ρs or ρo as z → ±∞. (24)
Herew is the width of the layer andξ gives the location of the center of the layer -
the two quantities defined in Eqs. (5) and 6. Even ifξ is outside the physical range it
helps in visualization of the shock formation. This form gives a direct interpretation
of the widthw but one may also definew from the approach of the inner density to
the bulk asymptote in the outer region.
There are two types of solutions for the inner density(4), one bounded betweenρo and
ρs while the other one shows a divergence withdρ/dx ∼ −ρ2, or more generally,
dρ/dx ∼ −ρ2p. It transpires that for the class of unbounded solution it is always
possible to match the boundary condition by suitably shifting the center of the inner
solution. This will not be the case for the bounded solution. The significance of this
is that the bounded solution can give rise to shocks but not the unbounded ones.
For a givenα, asγ is changed, two different situations may arise; the origin or the
center of the layer shifts either to−∞ (ξ → −∞) or to +infinity, ξ → +∞.
In the first situation, the boundary layer as seen in the physical range thickens but
remaining pinned to the boundary. Asξ → −∞ (note this is the inner scale), the layer
gets released from the boundary and moves into the bulk. The transition of a thin layer
to a shock atγ = ρs(α) has been called a “shockening” transition(3). So long as the
boundary layer stays pinned to the boundary,χγ ∼ εγ/Ŝ1(γ) → 0 as ε → 0. In
contrast,χα is nonzero. The phase, by definition, is then anα-phase. The bulk shock
phase boundary is given byγ = ρs(α).
The occurrence of the two zeros ofŜ1(ρ) in Eq. 23 suggests that there has to be
another lineγ = ρo(α) at whichξ → +∞. We call this the Mukherji-Mishra (MM)
dual boundary line because a similar feature was observed in Ref. (4). As one crosses
this MM line the boundary region goes from an accumulated to a depleted region,
thereby separating the shockening to nonshockening boundary layers. This MM dual
line is purely a boundary transition line, and its existence is a requirement for shock
formation atγ = ρs(α). Since(ρo, ρs) need to occur in pair, we call theγ = ρo(α) as
the dual line of the bulk phase boundary.
Once we know the bulk phase boundary and the dual line, we can obtain the width of
the layer. From the asymptotic approach to the limitsρo andρs, one gets from Eq. 23,
w−1 = (ρs − ρo)Φ(ρX) with X denoting ’o’ or ’s’. This also shows the possibility
of a critical point wherew diverges. It happens if the shockening transition line and
the dual line intersect. The intersection is atγ = γc and sinceρo → ρs, we find
w →∞, with η = 1 (see Eq. 7). It also follows that the shock height remains nonzero
at the bulk phase transition from theα-phase to the shock phase. On the other hand,
the shock evolves from a zero height at the crossing point so that it is a continuous
transition. In case the two lines do not cross, there will be no critical point and the
lines will be symmetrically placed aroundγ = ρm, the maximum current density. The
bulk phase diagram corresponds to Fig. 2.
The exponents follow from the analytical behaviour of the outer solutionsg(ρ). Not-
ing thatdg(ρ)/dρ = 0 atρ = ρc, one gets

ζc = 1/2, ζ− = 0(log), and η = 1, (25)
where for completeness we have includedη obtained above. The notation “(log)”
means a logarithmic divergence because the power law exponent is zero.




